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ABSTRACT

We investigate the virtual photon structure functions

2<<P2<<Q2, where -Q2(-P2} is the mass squared of the

for A
probe (target) photon. We do this to next-to-leading order
in QCD. The nonleading corrections significantly medify the
leading log result, in particular at large x. Also, the
perturbatively calculated structure function is positive at
low x even for Pzwl GeVz. (FPor a real photon target it
hecomes negative at low x.) For large P2 the QCD result
approaches the box diagram (Born) structure function also
when nonleading contributions are included. It is, however,

important to include the large nonleading box diagram

contributions in making this comparison.
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I. INTRODUCTION

In the last few years, the real photon structure
functions [1-2] have been much studied using gquantum
chromodynamics (QCD) [3-10]

Remarkably, the photon structure function is calculable
in QCD--not merely the Q2 dependence but also the shape and
magnitude in the large Q2 limit. This is due to the
dominance of the term corresponding to a pointlike coupling
of the photon over uncalculable terms arising -from the
hadronic component of the photon {2,3].

It is tempting to ask what happens to the structure
function of a virtual photon with "mass"™ much larger than
the QCD scale parameter A. Should we expect that then there
are no uncalculable terms at all? 1In this paper we study
this kinematical regime (Fig.l),

2

A2<<p<<g? (1.1)

where q2=—Q2<0 (p2=—P2

<0) is the mass squared of the probe
(target) photon in the 2y process, accessible 1in ete”
collisions [l]. The second ineguality in (l1.1) is to aveoid
the appearance of power corrections of the form (P2/Q2)k
(k=1,2,...).

In previous work [11], we studied virtual photon
structure in the kinematic region (l.1l) to leading log order

in QCD. We summed up the leading logs, (asanZ/Pz)n, using

the Altarelli-Parisi [l2] type evolution equation.
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Iﬁ the present paper, we extend our previous
calculation to nonleading order in QCD, this time using the
operator product expansion (OPE) and renormalization group
{RG) approach.* (The next-to-leading order calculation for a
real photon target was done by Bardeen and Buras [7].)

In the kinematic region (l1.1) the hadronic component on
the photon can also be dealt with perturbatively. More
precisely, we can apply the OPE to photon matrix elements of
the hadronic operators, <Y(p)|0£|y(p)> for i=¥ (quark
singlet), NS (non-singlet). There remains no incalculable
term, in contrast to the real photon case, where the unknown
photon matrix element of the hadronic energy-momentum tensor
appears [3,7].

Our main concern here is the virtual photon structure
function. However, there 1is some relevance to the real
photon case. If we introduce a normalization point for the
hadronic operators and keep logarithmically decreasing
terms, then we find that the Q2 dependence is controlled by
the same parameters, as well as by the unknown photon matrix
element of the hadronic operators.

By inverting the moments we will see that in the limit
(1.1} the nonleading corrections to the virtual photon
structure functions are large -- especially at large x. It

modifies the leading~log result significantly. The pertur-

*See for example ref.{10].
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bativeiy calculated off-shell photon structure function is
positive definite even at small x. The corresponding real
photon structure function is negative there, as was shown in
{81.

As already mentioned, we confine ourselves here to the
limit (1.1) so as to be able to neglect power corrections of
the form (P2/Q2)k {(k=1,2,...) [13]. These arise from
kinematical target mass effects {13,14] and also from
higher-twist corrections. Experimentally, we expect more
events for the region P2<<Q2 than for the doubly deep
inelastic region P%~Q2, so it is also of more practical
interest. (At the end of this paper we will briefly comment
on the P%~Q2 region.)

The paper is organized as follows. In the next section
we present the theoretical framework. In section 3, we
calculate moments of the virtual photon structure functions
including nonleading log QCD corrections. We discuss the
real photon case in section 4. In section 5 we invert the
moments for virtual and real photon structure functions and

present the results. The last section is discussion.
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II. THEORETICAL FRAMEWORK

Unless otherwise stated, we will follow the notation of

Bardeen and Buras in our discussicn [7].

Consider the forward virtual photon-photon scattering

amplitude (Fig.2).

Tuuaa(PrQ) = ifd4xd4yd4zequelp(y_z)
X <O|T(I (X)T,(0) T (¥)Tg(2)) [0> . (2.1)

The structure tensor is just the absorptive part of this

amplitude,

=

Im T =

Wuvas (Prq) u\}as

Id4xd4yd4z otX ip(y-2)

(S

*
x <0|T (Ju(x)Ja(y))T(Jv(O)JB(z))|0> . (2.2)

There are 8 independent structure functions in as

WuvaB'
discussed in refs.{18,1%]. Here we will take a spin average
for the target photon. The number of independent structure
functions is thus reduced to two. Neglecting P2/Q2

corrections we call them F; and FY,
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Y = L a* B
Wiy (@) =5 § €n) @I yag (BB ETy, (P)
1
= E gaswuvaB(pfq)
_ 1 .4 igx
=35 [a'x e <Y(p)|Ju(x)Jv(0)lY(p)>spin 4y, (243)
and
q g
Y _ _oHtvy 1oy 2 2
WUV(p'q) - (guv q2 ) E FL(X'Q JP )
2
P*'g {p*q) 2 Y 2 _2
+[éupv - = (pqu+quU) + s gHV] Eja Fz(x:Q +P7)
d E (2.4)

where x=Q2/29.q. Now, F; and FE can be written as linear
combinations of the eight independent structure functions
introduced, for example, by Brown and Muzinich [18]. They

decompose Wuvaf into the structure functions Aj,...Ag as

follows,
g
= I A 2.5
WHUGB(P’q) izl nvaB®i ( )
where I&vaB are independent tensors given in ref.[18]). For
P2<<Q2 we find
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Lo ]
=
[}

1 2
2 3 (p*qlq (A2+A3+2A7+2A8)

) AP 2

Fl = -{p*q) (A2+A3+2q A5+2A7+2A8)

FY = ~(p-q)q°aA (2.6)
L 5

and thus xFI=F;—FE. Incidentally, FE-FE can be written in

terms of transverse helicity amplitudes [9,18,19],

Y _ »Y _ ++ +- '
F2 FL 8na :»c[W++ + W+_] (2.7)

where WiI(WI:) is the amplitude for helicities ++>++(+—++-).
Applying the OPE to the current product Ju(x)Jv(O) we

get the moments of the structure functions Fg,

1
[ ax 2 F;(x,QZ,Pz) =
0
_ i 2,2 i
=1 C /" g (w) ,a)<y(p) [0 (1) |v(p)>
i=¢,G,NS
+ Y@/t gt ,w <y oY () [y (p) > (2.8)

where O;, C; are the composite operators and their
coefficient functions appearing in the OPE. VY, G, NS and ¥y

stand for singlet fermion, gluon, non-singlet fermion, and

photon respectively. Mutatis mutandis, a similar formula

holds for FE. Ve neglect quark masses throughout,
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appropfiate to our P2,Q2+co limit. (These effects have been
considered by Hill and Ross, who also discussed P2#0[27]).
The essential feature in (2.8) 1is, of course, the
appearance of photon operators OI in addition to the
familiar hadronic operators.
We can freely choose the renormalization point u, since

the left-hand side of (2.8) does not depend on it. We later
take u2=~p2=P2 for the sake of convenience. For —p2=P2>>A2
we can calculate the photon matrix elements of the hadronic

operators perturbatively. Choosing u2 to be close to P? we

get, to lowest order,

. 2 2 , -
i e -1 _o,n P (2)1
<y(p) |o_ (w)|y(p)> = (—K.’ In — + A ) (2.9)
nr 161T2 2 i u2 n
] o= O,D — +0
(i=y,G,NS8) where Ki = (Kn)i are one loop anomalous

dimension matrices between the photon and hadronic
operators. (See Appendix A).

The A‘g)ldepend on the renormalization scheme for the
operators Oitu) [20] . This scheme dependence is cancelled

by that of other terms in the expansion. For definiteness,

2

we will work in the MS scheme. Putting u2=—p2=P r we find

e? REH

. (2.10)
1672 N

<y(p) o () |y > | , 2
u:

The right hand side is in general non-zero.
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Noting that to lowest order in the QED coupling,

<Y(p)|01(u)IY(p)>=l, we find that the moments (2.8) are

given by
1 _ . _ 2 ()i
[ ax x"%rYx,0%,2% = | clo®/p?,5e) 0 S5 A
0 i lém
+ cl?/p?,5(p?) ,a) . (2.11)

IIT. VIRTUAL PHOTON STRUCTURE FUNCTIONS:

NONLEADING EFFECTS

In this section, we calculate the moments of the

virtual photon structure functions by evaluating the right

hand side of (2.11).

Solving the renormalization group equation for the

coefficient function to lowest order in a=e2/4n, we find
2,2 —
cY?/p?,3(#%) ,a) =
> 2, 2 — _2 -+ - 2
= X (Q°/P7,g(P%),0)C_(1,3(Q%))

- 2
+¢cf1,50% ., , (3.1)

where
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¥ @%2%,30% 9 =

- 2 > . ~
g(p™) K (g',a) g' Y. (g")
= [ dgt > T exp[} dg" n ] (3.2)

312 B(g") 3% B(a™)

with ;n and ﬁn the usual hadronic anomalous dimension matrix
and the off-diagonal element which represents the mixing
between the photon operator and the hadronic operators (as
given in (A.4)). En(CI) is the coefficient function of the

hadronic (photon) operators.

' =2, ~2
=01y = g©(Q°) zn
éntl,gto }) 8, (1+ o7 BY)

=2 ,~2
Gg(Q)Bn

2.2
8§ (1 + 3(Q) pgn (3.3)

Y - 2 e2 n
C'(1,g(Q7),a) = 3 § B (3.4)

n 167w LA
with 6¢=<e2>. SNS=1, 6Y=3f<e4> {our normalization of the

structure function differs from that in [7] by a factor e2).

There 1is no a dependence of En to this order. The one-loop

coefficient functions B$=B§S and Bg are given in ref. [20].

n

n ., n_ n
BY is related to BG by BY—(Z/E)BG'
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The ﬁn can be calculated in a straightforward way to be
2,2 - 2
X (@°/P%,g(P%) ,a) =

-2 2
_ 1 et 20 5 pn 1 167° 1_(9 el )
1672 2Bo [ M1 T 1nl/28, 3% 0%) 32 (p%)

n
11/280+l

n Al /28 41
n By i i 1+10/28, 32 (2%

n
L 1-af/28, 52 @2, | i/ %P0
* ; Fi AR /28 o ('2 pe ) )
"/28,, 32 (%)
Ne (1) on _ AT/28
30 ; PiYn Pj { 1 L ( 2(02;) j 0)
i,3 2890020 ()28 5 (2?)

AR/28 +1
! (1_(62(02)) 17770 )}
1+A%/28, 52 (p?%)

AD/2g '

N =2 ,-2 i 0

A ol R (G )
i ki/ZBO g (P")

where k? are the eigenvalues of the one-loop anomalous
dimension matrix ;g, and P? are the corresponding projection
operators. ;(%) is the. (hadronic) two-loop ancmalous
dimension matrix, and Kg (E(%)) is the one- (two-) loop off
diagonal element of the anomalous dimension matrix. (See

Appendix A),.

|
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Putting all this together into the eq. (2.1ll) we get our

final expression for the moments of F{. They are

1

[ ax x"2 F;(x,Qz,PZJ =
0
2 2 -2, .2 *2/280+11
.1 e ) on 1 16T 1-(3 (Q ))
1672 2B [ 1 1+27%/28, 32(0%) 32 (%) |
22/28
=2, .2 i 0
+ E A? l~(%§lg§l) }
i g”(P™)
. 2 A?/280+l
+ ] B, il‘(gjlgfl) }
it g“ (P9
. C$ (3.6)
where 1 runs now over +,- and NS. In eq. {(3.6) we have
defined
-n _ =20 _n
PY = K. P} En(l,O). (3.7)
The coefficients A, B, C are given by
Na{l}.n
P.¥."'P,
Al = _ﬁO ) i'n 1% 1.0 1
1 "3 28,+a0-A" n (10 A% /28
J 2Bothy-Ay i/28g
B 1-A"/28
B T
0 ki/ZBO
B pn & 1,0y —1
n 1 n kn/zs
i 0
-28 Kéz’ p? En(l,O) (3.8)
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n~{1l) .n
P. Yy P
B? = ﬁg — n Jn Cn{l’o) nl
3 28gAf-A] 14x7/28
s BM
vy
R A —
5. gD 1+x?/260
NS°NS L
8 AD/28
-0 gl P & (1,0) 20 (3.9)
n 0 1 n 1+AI::L1/280
n _ n (2)
C, = 28,(8 B + Kn En(l,oy)
_ 4 6 2 6 2
—2480f<e>[n—+r—a—m+?
-4 s+ 4 2] (3.10)
{n+l) {n+2)

(Explicit expressions for A and B will be found in Appendix
B)

Equation (3.6) is the main result of the present paper.
The first term 1is the leading log result obtained in a
different way in ref. {11]. (Of course, §(Q2) is now to be
taken as the effective coupling including two-loop terms.)

The remaining terms in (3.6) are nonleading QCD
corrections. Note that there is no unknown term in (3.6),
so that this equation is also wvalid for n=2 provided we
regard the expression (l/e)(l—xe) as its limiting value for

e+0, -1lnx.
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We now discuss the renormalization scheme independence

of A?, B?

i and C?. We start with B?; it can be written in

terms of a scheme~independent c¢ombination of two-~loop
anomalous dimensions and one-loop coefficient functions in
the hadronic sector ([28], [29]; see also Appendix B).
Using the scheme-independent coefficients R%,n introduced in

[28], we write

B = Li R n (i=+,-,NS) (3.11)

where

n 1 (3.12)

Ly =% oo
l+>\i/280

The scheme independence of B? follows immediately from these

two equations.

As for C?, we note that

n _ 4 __n
GY BY = g<e >BG . (3.13)
{(2) _ 4 (2) ¢
ﬁn En(l,oy = 6<e”> A_“L . (3.14)
Thus, from {(3.10),
n _ . 4 n (2) ¢y
CY = 280 6<e > (BG + An G). . {(3.15)

(In these expressions, Aézéw differs from that in ref. [20]
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by a _factor 92/16n2; of course, all this is written in the
MS scheme.) Now, from ref. {20], we know that Bg+A[£2();lp is
scheme independent. Thus, C? is also scheme independent.
The scheme independence of the A? follows from (3.8)
and also (3.6).
Now we go on to the renormalization scheme dependence

of the QCD coupling. The relation between the MS and M3

schemes is

- 1 -
Ags = hyo %P [5 (;n 4w yEf] (3.16)

where Yp=0.5772... and

MS 42,12
(o (Q%) 1
ap® (9% = agg(oz) - Bo(1ndm-vy,) (3.17)

Then, under the MS+MS transformation we have

=n n n
A Al = + - .
i + i Ai PiBO(ln 4T YE) (3.18)
n zh _ n _ N _
Bi + B1 = Bi LiBO(ln 47 YE) ’ {3.19)

whereA?(K?) and B?(E?) are in the MS(MS) scheme.

3? and ﬁ? are obtained by replacing the MS scheme
guantities B$, Bg, B?, Kéz) by the MS scheme correlates, 53,
etc. These can be got by removing the term proportional to

ln4n-YE as follows:



=n n 1
= B - =
By = By 7 3
=N _ N 1
Bg = Bg = 3
=n n 1
B =B - =
Y y f
-
x(2) (2 _1g
n n 2
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(In 47 - y ) (3.20)

From (3.21) and the relation

2200 _ A(2)
n

nG

(ln 47 - YE) {(3.21)

Yg) (3.22)

(In 47w - Tg) (3.23)
/N

(ln 4n1 - Yg) (3.24)

we see that C$ (eq. (3.15})) does not change under MS+MS.

Incidentally, we can now rewrite (3.6) in a slightly

different form.

n

. ¢
di ki/ZBO

Introducing

(i=+,-,NS) ' {3.25)

and using (3.1l1l]) and (3.12), we get

1
n-2
fodx X

Fz(x.oz,Pz}

{3.26)
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This is useful because the guantities l+(as(Q2)/4ﬂ)R;,n in
the first term are the same ones we meet with in the case of
the nucleon structure function [28,29].

For completeness, we now give the formula for the

moments of the longitudinal structure function FY,

1
-2
foax x"%rY (x,0%,p%) =

It

% %/p%,5%) &M (1,50%)

+ MY ,50% 0 (3.27)
AD/28 +1
_e? 1 (s, 1 732 H\ 10
- 2 2B ) Pi n 1 2,2
167 0li 1+Ai/280 g<(p“)
n
+ ZBOGYBY,L
where
/; B! \\
v y,L
~(L),n +=0_n n
Pi npl 6wBG,L
n
\éNSBNS,E/ {3.28)
n _ gh _ 4 4
Bw,L N BNS,L I n+l
n _ Bf

G,L (n+l) (n+2)
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(Expressions for P(P)'n and § B" will be found in

1 Y Y.L
Appendix C.}

IV. REAL PHOTON STRUCTURE FUNCTIONS

Starting from ocur final result (3.6), we can now

recover the moments of the real photon structure function.

These follow formally by setting P2=A2,

. .
[ ax x""%rY (x,0%) =
0
e U I R QP S 1 LU
167 2 0 i=+,—,NS 1 1+A2/280 52 (QZ}
+ 1 At o+ ) BY +
i=+,-,Ns *  i=+,-,Ns 1 Y

However, this equation no longer holds for n=2. There is an
extra term proportional to a Kronecker d§-function 6n,2' its
coefficient is an unknown constant coming from the photon
matrix element of the hadronic energy-momentum tensor. In
order to see the situation more clearly,* consider the usual
expression for the moments of FE (including the hadronic

contribution) (3,71,

*
We thank W.A. Bardeen for discussions on this point, and ad-
vice on this section.
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MI(QZ) = jldx xn—zF;{x,Qz) =

. an
a 1 41 i 2 i
it [1 a  +b + ) Mo [ag(Q%)] ],

280 S(Qz) n n i=+--,NS
(4.2)
where
_ n
a = g Li (4.3)
n n n
= + + .
bn g A/ % B, cY (4.4)

If we consider the MI(QZ) to be a function of the
continucous variable n, then {(4.4) requires bn to have _a
singularity at n=2. This singularity has to be cancelled by
one in M;, S0 as to give the correct ME(Qz).

Explicitly, we have

b —3 % + b (4.5)
N ohs2 df 2

where d3=0. Thus, we require

- c
M —3 - 2~ + b" (4.6)
n 52 an 2

The constants ¢ and b, are, of course, perturbatively

calculabler* but b; is not.

2, where the index n=2 has

* = 14 n . _ 0.0
c = fig b d_ (B1/Bor Ky vgg<e
been omitted and use has been made of the relations:

0,(1) _ 0,(L) ,0,(1) _ 0,(1) 1y _ _ (1)
\vww = = lquJ ’%G = - YGG and KIIJ = KG .
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Thus,

Y 1 4an
Mn(Q ) ? an 280[

n>2 ag (%)

azfclnas(sz + b'] (4.7)

where b'=bé+b5 is an unknown constant. This expression for
n=2 was first obtained by Witten [3].

The singularity in M_ can at least be isolated by
introducing a normalization point Q% {as is done for the

nucleon target case). Taking u2=Qg>>A2 we get

mi?) = 2 ]t AT
n am 2B,[4¢ i S(Q 2,
n n n
+ AT+ B+ C 1.8
LR TR TS (4-8)
ai
A (Q7)
+ 2{260 A (Q ) - an —t L;‘ - A'l‘}( )
1 a (Qo) (Qo)
+ O(as)
where
i, 20 _ 2y, 2 _ +(2)
An(QO) = [An(QO) ]P C {1,0) (4.9)
with
6 ) ly> = 2 R (4.10)

being the uncalculable matrix element.
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Iﬁ eq. (4.8) we have neglected O(as) terms. For
consistency, we should therefore keep only log decreasing
terms with dj<1,

The unknown hadronic components Mi in {(4.2) are related

to (4.9) as follows,

n
R s -d.
i _ i,.2 2 i
ul = 28 ak(02) [ag(0?)]
-1-g%
- 4nL2[aS(Qg)] 1 (4.11)
n
~dj

n 2
- Ai[as{Qo)]

The singularity we are looking for is thus in A?. (This
situation is similar to that for a nucleon target, where a
singularity appears in a quantity called ﬁ; by Bardeen and
Buras [28].)

Taking Q2 very large and neglecting logarithmically

decreasing terms we finally get the moments

Y A2 a 1 47 n
MI(QF) » — P
n 47 ZBO[GS(Qz) ;i

n n n
+ g Al + ; B, + cY (4.12)

2 ~ 2
+ 6n,2{_° 1n @ (Q7) + b2 - A_}]

where b2=260AE(Q§)+c lnGS(Qg). This now isolates the

additional Kronecker &-function term. When inverted, it
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gives 'rise to a ©&-function at x=0. (Of course, this
d-function only appears for Q2=m; at finite Q2 it will be
smeared out.)

This is the prediction that perturbative QCD makes for
the real photon structure function at low x. There is a
term which behaves as ~const./x, giving a negative structure
function, and a S-function at x=0. To take account of the
finite Q2 smearing of the §-~function, we would have to know
Mg(Qg) or Ri(Qé) as a function of n. These cannot be

calculated in perturbation theory.

V. INVERSION OF THE MOMENTS AND RESULTS

Numerical inversion of the moments is now standard.
The integrand has to be analytically continued to complex n.
For the two-loop anomalous dimensions [21-26) and the
one-loop coefficient functions [20], we adopted the
asymptotic expansion form obtained by Gonzalez-Arroyo, Lopez
and Yndurain [22,23]. (This form was, however, modified
slightly so as to fit the low moments.) Their form has
simple analytic properties and reproduces the moments quite
well. The numerical results are independent of the location
of the contour (of course, we constrained it to be to the
right of all singularities).

Our results for the virtual photon structure function
F;(x,Qz,PZ) and for the real photon F;(X,Qz) are shown in

2 2 2

Figs. 3a and 3b. We chose Q2=30 GeV and P°=1 GeV with



-23- FERMILAB-Pub-81/55-THY

Aﬁ§=500'MeV (Fig.3a) and 100 MeV (Fig.3b).+ We also show our
previous leading-log calculation for completeness [11].
Here, in our present analysis, we have taken f=4.

From the figures it 1is clear that the nonleading
corrections appreciably modify the virtual photon structure
function-—-especially at large x. We also confirm that the
(perturbatively calculated) real photon structure function
is negative at small x. This was first pointed out by Duke
and Owens [8]. (Remember, however, that we do not attempt
to smear out the §(xX) contribution.)

Where does the negative structure function come from?
As given in (4.4), bn to nonleading order is the sum of
? and Cg (for i=+,-,NS). We list them
for n=2,4,... 20 in table 1. One might at first think that

n
seven parameters A,, B

the negative structure function is due to large negative

values of C?. This is not the case, however. Defining D$

and its inverse transform DY(X) such that

n _ n 4
DY cY/2430f<e >
{5.1)
p" = fldx *72p (x)
Y 0 Y

Then we easily find

TStrictly speaking, we ought to modify x to a £ scaling vari-
able [14]). This is however, a part of the P%2/Q? corrections
we ignore.
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DT(X) = 6x2(l—x) - 2x - 2x(l—2x+2x2)ln X ’ {5.2)

which we plotted in Fig. 4a. We see from this figure that
C? mainly contributes at large x, reducing the leading-log
results.

In fact, the negative structure function arises from
AE. This can be seen by numerically inverting AE, as shown
in Fig. 4b, where Af=fédx xn"ZA_(x). (For a virtual photon,

the effect of AE is reduced due to a factor
n
C"'S(Qz) d_
L=l ==
ag (P )

which multiplies it.) The negative structure function thus

appears due to the same term A" yhich developed a
*

singularity for n=2 in the real photon case. As we remarked

before, there 1is no trouble for n=2 and a virtual photon

target in the kinematic limit (1.1). Correspondingly, Fz is

2 2

well-behaved as x+0 even for P“=1l GeV*® in Figs. 3a,3b.

In Fig. 5 we show the longitudinal structure function

2_30 gev?, p2=1 Gev? 2

FY(x,0%,2%) for ¢ and P?=4 Gev? with
AMS=100 MeV. For comparison, we also plot FE(x,Qz)p the
longitudinal structure function.

The statement we made in our paper on the leading log
calculation [11], that the off-shell photon structure

functions approach the box contribution, also holds in the

*Some further discussion for the real photon case is given by
W.A. Bardeen, talk given at Lepton-Photon Symposium (Bonn,1981).
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present case. To see this, we need the box contribution

including finite terms. Including also nonleading pieces,

these are

Py (x,0%,2%) /<e®>3e £ 1n @%/p? =

= x[x% + (1-x)2] (5.3)
- —-—%ﬂ—f 2% [ 1-3x+3x %+ (1-2x+2x°%) 1n x]
1nR"/P
FE(X,QZ,PZ)/<94>3f-% = 4x2(1-x) (5.4)

where we neglect power corrections P2/Q2, and quark mass
effects. Note that the second term in (5.3) 1is Jjust
proportional to the inversion of C?.
It 1is not hard to see that in the Limit
2,52 2,,2 Y Y
1nQ“/P“<<1nP*/A the moments of F2 and FL approach the box

contribution ones as follows,

2 o~ 2
mY (@%,p%) + & LIy % 1n & 4 P
2,n 161’[2 280 i i 0 P2 Y
" {5.5)
2 2
_ a, 4 n“+n+2 0 n
= 3f Te > n(n+l) (n+2) ln ;5 + DY
Y 2 2 a 4 4
ML’n(Q P7) »3f — <e’> COISNGTY)) {5.6)

We show this numerically in Fig. 6 for FE(x,Qz,PZ) and 1in

Fig. 5 for FI(X,Qz,PZ).
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VI. DISCUSSION AND CONCLUSION

In this paper we have studied the structure functions
of a wvirtual photon in the kinematic'region where P2 (the
target mass sgquared) and 02 diverge with P2/Q2 small. The
calculation includes nonleading log QCD effects. However,
all effects proportional to powers of PZ/Q2 are neglected.
We find that the nonleading log corrections to our previous
leading log results[11l] are important. However, the general
conclusion that the structure function approaches the
pointlike box (or Born) contribution for PZ#O remains
unchanged. This 1s because the box diagram also has .a
significant nonleading log piece. The real photon structure
function (or, rather, the nonleading log calculation of it)
has a slight pathology in that it is negative for small x.
This is,.of course, the region where the (ignored) hadronic
contribution to the structure function - is important,

2

However, 1t is interesting that even for P“=1 Gevz, we find

a perturbative structure function which is positive at all

X. For large enough p2

we would expect this, since the
entire structure function 1is perturbatively c¢alculable.
There is no unknown hadronic piece (which contributed to the
n=2 moment for real photons). However, it 1is interesting
that the difficulty with a perturbative calculation at low x
is confined to target photons very near the mass shell. We

expect that this 1is in some sense the region where

confinement effects are most important.
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Wé have ignored (PZ/QZ)k {(k=1,2,...) corrections.
Formally, these are target mass and higher twist
contributions. For a real photon target mass corrections
are trivially absent. Higher twist contributions are
expected to involve a target radius so that for the
pointlike photon term they should start with the order of
magnitude aS(QZ)Az/Qz. This should be small if A2/Q2 is
small., Real photon targets may have small higher twist
corrections. Off-shell, the (PZ/QZ)k power corrections
should in principle be calculable. (The box diagram
(Pz/Qz)k terms have been calculated by Frazer and Gunion
[13].) Because of this, it may be useful to comment briefiy
on an extreme limit, double deep inelastic scattering with

2 and Q2 both large and also W2=(p2+q)2+m [30].* In this

P
case, the leading term is given by the box diagram. There
are no large logarithms, since [astoz)ln(Qz/Pz)]n is always
small for fixed PZ/QZ. Gluon radiative corrections are
nonleading, and the now important power corrections are
entirely calculable. If we consider the Nachtmann moments
(or any other) for Y*(P)+Y*(q) + hadrons and also those for

Y*(P) + Y*(q) + u*tu~ and take the ratioc of one to the other,

we have the very simple result

*
Chase [31l] has recently studied QCD radiative corrections

2

in the region where W® is fixed.
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M, (2Y>hadrons) 4 GS(QZ)
R = g = 3£Qi(l+cn — + ...)
n M (2Y>1"u7)

where only Cn(Pz,Qz) remains to be calculated. Thus in this
kinematic region the P2/Q2 corrections pose no problem. It
would be useful to extend the analysis to small Pz/Qz, where

additional logarithms may become important.
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APPENDIX

A, Notation

Here we summarize our notation which we adopt from
ref.[7].
The renormalization-group equation for coefficient

functions reads to lowest order in o as follows

2 2 '
f/én(gﬁ,g(u)) /én(gi,g(u))
u H
9 a3
{ugg + B(g)gal = Yn(g.a) (A.1)
v 02 y Q%
Y (2,9 m),a) c (——.g(u).gy
\\n L2 \\n 2
where
c¥@?/u?,90m)
& @9 = | S22
ntTgr9)) = 1C Q@ /u,g(w)) (A.2)

NS /u?, g )

The 8-function is expanded as
3 5
g 7
Blg) = - T p. - —3_ g +o0(g) (A.3)
1672 0 (164)2 1
with Bo=11-(2/3) £, Bl=102—(38/3)f and £ being the number of
flavors.
The anomalous dimension matrix can be taken to the

presently concerned order as
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: Yn(9) 0
Ya(g,%) =, (A.4)
K,(g,2) 0

where ?n(g) is the usual anomalous dimension in the hadronic

sector
n n
Ypp (9 Yoy () 0
(@ = |Yygl@)  vggle) 0O (A.5)
0 0 Yns (9)

.
Kn(g,u) stands for the mixing between hadronic and photon

operators

R (9,0) = (Ky(g,%), KG(3,0), Roc(9,a)) (A.6)

The anomalous dimensions are expanded as

¢ () = 910 . : 7 4 0(g% (A.7)
n 16ﬂ2 n (16W2)2 n
2 2.2
R (g,0) = - = %0 79" x4 0e?gh (A.8)

~

The one-loop anomalous dimension matrix Yg can be expressed

in terms of the eigenvalues k?(i=+,-,NS) as

?g = ) A2p? (A.9)
i=+,-,NS

where P? are corresponding projection operators



n

ANS
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__1 0,n 0,n, n
N Tve * e i+ ©
£+ NF
o , 0 ’ 0
Q 0 Q
= 0 0 0
0 Q 1
1y 0,n O,n 0,n O,n, 2
= _ + + —
2{Y¢¢ YaG [(wa Yaa )
- O,n
¥Ns

ﬁg and ﬁél)are three-component row vectors

K

0,n
NS

_ 0O,n 0,n
- (Klp r 0l' KNS }
2 nZ+n+2

24£<e™> Ty (n¥7)

2.2 n2+n+2

O,n 0,n
Yo Yoo

. 4
= 24f(<e’> = <€ > ) TRII) (n*2)

(A.10)

(A.11)

11/2)

(A.12)

(A.13)

(A.14)
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(1) _ (1) ,n (1) ,n {1) ;n
Kn - (KEIJ ’ KG r KNS )
g(1hon o 12 ¢ 2,59 (A.15)
v 3 n
(1) ,n _ 12 4. _ 2.2 fg
KNs = f(<e > <e" > )Bn
K(l)’n = - &2 f<e2>Bgg
G n

where the values of ng and ng are given in ref.[21]

The running coupling constant is written in terms of

the B-function (A.3) to two-loop order as

2 2,,2
=2 A2 Oa (Q°) B,1nlnQ“/A
g7(Q%) 5 = 1 1 (A.16)

1672 am Boanz/ﬁ2 Bglanz/A2

al#l (i=y,G,NS) in eq.(2.9) are related to g in

eq. (6.22) of ref.{20] as follows
K(Z) = (A(2)¢ A(Z)G A(Z}NS)
n n " n " n

6F (<e%>, 0, <ed> - <e2>2)Aé2’g (A.17)

with

A (200 _ 9% S
n G 16"2 n G



-33- FERMILAB-Pub-81/55-THY

- B. Explicit expression for the parameters
which appear in Egq. (3.6)

We express the parameters A?, B? (i=+,-,N8) and C$ in

terms of anomalous dimensions and coefficient functions.

AE = <e2> n n n : n n
Ap (AT-AT) (28 10T
O,n¢ O,n_,, sn _(l),n 0,n_(1),n O,n_,n
x[Kw {Orgy =280 220 vyy "0+ gy Yyg | rgy A
O,n N _yny (1) ,n O,n (1),n O,n
+ Ry gy -28=A D), T 4 Yeo Yoo 1Y
n (1) ,n n (1) 0 n, -
+ 2B, (2B +A_- A+){ » (Y ww ~A0) + K, }
- 285 (28, A"AN A A (2)¢{ You )
- El (25 #1an 1) (28 -A) —A“)} (B.1)
B, Ky’ Vpy Al :
AL = Al(+ & o) (B.2)
n_ O,n_{(1),n (1) ,n_ n _(2)NS
Ays = An —-Kyg Yng | +28,Kyg 280 nsPn
B1
B_ NS (28 -k )] (B.3)
Bn - <e2>K0,n 1l

* (289+A5) (AR=AT) (28 ,+AR-AD)
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R S R A R AL R N L IR TR

r lr 0' l' 0
+{(Y¢¢n-12)vé¢) " e YGwnYéG) "} wcn
0, n n
+ 23 (23 +A -l ){( ww A" )B¢ + st G}
B
1 n
Bra(23 " -A )l (v ww =31 (B.4)
B] = Bl (+ & -) (B.5)
n 0,n 1 (1) ,n Bl n
B = K.l ————(y i (B.6)

+28 B2 )
NS NS 230+l§5 NS 0%y E_ NS

In terms of scheme-independent coefficients ri

2,n
(i=+,-,N5) introduced in ref.[28] B? can be rewritten as
n _ _n_i o
Bi = LiR2,n (i=+,-,NS) (B.7)
where
tho=pt L (B.8)

i i n
1+Ai/280

with P? being the parameters which appear in eq. (3.6) and

given by
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. YO,n_xn 5
A=A
+ =
P? = Pl(+ & -) (B.10)
PR = Kpo” (B.11)
R; ne for example, can be written as
I
Y Y B
+ _ T+ _ +- + _ 1 .n
Ry n = 78, 2BO+A“-A“ + 132'n 76, Ay (B.12)
+ -
(1) ,n (1) ,n
where ¥ and y are elements of two~loop anomalous
++ +-

dimension matrices §{1)*™ in the basis in which $9/n g

diagonal. B; is given by
s

YO,n An_YO,n

+ . o Gy n _ pn + Ty n

B2,n - B¢ + O,n_hn BG Bw + 0,n Bs (B.13)
Typ - YyG
and similar equation for R, _ and RS
2,n 2,n"

c” = 24p fce> 8. -2 6_,2 _ 4 ,_4

Y 0 n+l n n+ n2 (n+1)2 (n+2)2

(B.14)
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C. Explicit expression for the parameters in the
longitudinal structure function

2
“(L},n_ <e”> _0,n O,n_,n 16 0,n 8t
Py am Ny Loy 2037y * Yob (mFD (e )
i o
(C.1)

p(k)em QLL)'“(+ o -) (C.2)
~(Ly,n _ O, 16
Pys Kys 3(n+l) (C.3)

agf<e?>
s B" _ = S (C.4)

Yoy,.L  (n+l) (n+2)



10
12
14
16
18
20

8.480
5.782
0.459
0.229
0.146
0.105
0.080
0.064
0.053

0.044

Table 1, Numerical values of A?, B

~5.789
-3.737
-3.184
-2.911
-2.725
-2.576
-2.449
-2.338

-2.238

-3

7 -

TABLE CAPTION

n=2,4,...,20. For

n
i

these

adopted the MS scheme,

-6.088
-1.389
-1.049
-0.974
-0.932
-0.896
-0.862
-0.829
-0,798
-0.769

3.885 -
0.173
0.039
0.015
0.007
0.004
0.002
0.002
0.001
0.001

TABLE 1

gn
8.628
0.730
6.049
5.957
5.667
5.350
5.047
4.769
4,517

4.289

FERMILAB-Pub-81/55~-THY

(i=+,-,NS) and c$ for

computations,

Bys
1.309
2.161
2.240
2.161
2.047
1.929
1.819
1.718
1.627

1.544

n

y

-16.324
-18.796
-15.931
-13.555
-11.738
-10.332
-9.218
-8.317
-7.574
-6.953

we have

Sum

-17.127
-1k.930
-9.351
-7.715
~-6.565
-5.708
-5.044
-4.514

-4.081
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FIGURE CAPTIONS

Deep inelastic scattering on a virtual photon in

e¥e™ + eTe™ + hadrons. Q2(P2) is mass square of the

"probe" ("target"™) photon (A2<<P2<<Q2).

Forward virtual photon-photon scattering.

2) to

The virtual photon structure function F;(X,QZ,P
the next-to-leading order (H.0.) in wunits of
3£<e?> (a/m)1n 0%/P? for 02=30 GevZ, p2=1 GevZ with
(a) Agg=300 MeV, (b) Aﬁg =100 MeV (solid lines),
together with the real photon structure function

2 (dashed lines) which can be

2_p2,

F;(X,Qz} for 0%=30 GeV

formally reproduced by putting P We also plot

the leading-log (L.0.) results of ref. [ll] (solid

line for P2=l GeVz, dashed-dotted line for real ).

Here, in these analyses, we have taken f=4.

{a) DY(X)‘

(b) A_(x).

The longitudinal virtual photon structure function

FE(x,Qz,Pz) in units of 3f<e?>(a/m) for @%=30 Gev?,

2

P°=1 and 4 GeV? with A--=100 MeV (solid lines). We

MS
have also shown the longitudinal real photon
structure function FE(x,QZ) of the box diagram
(dashed line) and that with QCD correction

{dashed-dotted lines).
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Comparison of the box contribution with the QCD
prediction for the virtual photon structure function
F;(X,QZ,PZ) in units of 3f<e4>(a/n)ln 02/P2 for
0%=30 Gev?, %=1 Gev® and Agz=100MeV. The results
are shown both in the leading-log order and in the
next-to-leading order, The box contribution
including the next-to-leading-log term is given by

edq. (5.3).



et (e”)
Figure 1
q q
e H
B a
P p

Figure 2



Dg a.nbi 4

X
Ol 60 80 20 90 | GO 0 ¢0 ¢0 'O
| ] I | { | | | \*
/

\ d d

\ -

o —
~. = e
/. .’VJ.\“.\\ N>oo_..N&OI
N9 L= ,d0™]
£ 1094 Q] =+ NN 006 =y

2 103y ‘OH = e ,N990g=_0

| m ] ~ _ | * _ | |

LA2,0 W 2 (o fe s (,d°,0) A




Ol

60

qe 24nbiy

80 L0 90 GO

,NOL=_d0

lll‘\.\

S
-y

.“\.\.

vO 0 20 'O
| | | V4

/

/

7
\\\.\..
..\\ =
—
N>oo {= Nn_.o._._

2 1094 0] =+ s
2 109y OH == —

AN 001 =Y

,N9 0€ =D

| ] _

¢0

€0

48]

GO

90

20

L4700 WT L <o fe 7 (,d' o) &



Dyix)

A_{x)

x 103

0.8
0.6

0.4]

0.2

-0.2
-04
~0.6
-08
-1.0
-1.2
~1.4
-1.6
-1.8
-20

Figure 4

-
1 T
01 02 03 04 05 06NO7 08 09 10
X
| (a)
B X
[ 0] 02 03 04 05 06 07 08 09 10
e e M \ :
4 | (b)



G a4nbiy

X
OL 60 80 O 90 G0 0 €0 20 IO
| | | | | | | 1 ﬁ\\.\!
/R a
/4 \ |
X0 £ 109y === = W 4» \
CfoTo B JI:L-IV pp— / .|
, .\N>8_"N& +
/ |
/44 =
.‘. \ L]
\\ /24
/./ / ]
NN <
S
AN 7 newool =2y |
= 289 08,0

'O

¢0

¢0

140

G0

30

L0

o> de 7 (,d',0™) {4

S1E



g ainbi4

X

oL 60 80 O 90, G0 +O €0 20 10 0

! | I { I | ] i ! \.

P £

/
\. 710
. 7
. = Lz
\ L= —20
N8O =_d'O'H > .

N —

¢ (Boy Buippaj 0} 1xaN) x08 =0
I\\\\\
_.I-I.ll.l\\ \ - .v.o
\ ~G60
\. AMWOOL= Yy |
2N901=d 0T ,A?9 0=,
/
\. (boj-bupna) x0g

. 180

¢

/

AL ¢ ot 4
,d/0 W 4 (@ fg/ (,a',0'%) 2



